Abstract. We establish dilation theorems for non-tight frames with additional structure, i.e., frames generated by unitary groups of operators and projective unitary representations. This generalizes previous dilation results for Parseval frames due to Han and Larson [6] and Gabardo and Han [5] . We also extend the dilation theorem for Parseval wavelets, due to Dutkay, Han, Picioroaga, and Sun [4], by identifying the optimal class of frame wavelets for which dilation into an orthonormal wavelet is possible.
Introduction
Definition 1.1. A sequence {f i } i∈I in a Hilbert space H is called a frame if there exist 0 < A ≤ B < ∞ such that
The numbers A and B are called the frame bounds. The supremum over all A's and infimum over all B's which satisfy (1.1) are called the optimal frame bounds. If A = B, then {f i } is said to be a tight frame. In addition, if A = B = 1, then {f i } is called a Parseval frame.
The most basic dilation result for frames says that a Parseval frame in a Hilbert space H is an image of an orthonormal basis under an orthogonal projection of some larger Hilbert space K ⊃ H onto H. This is now a classical fact which can be attributed to Han and Larson [6] , who also proved the following result. If the Parseval frame has some additional structure, i.e., it is generated by an action of a unitary group of operators on H, then the corresponding orthonormal basis is also generated by a unitary group of operators on K. Gabardo and Han [5] proved that similar results hold for group-like unitary operator systems, which include Gabor systems. Even more general frames generated by projective unitary representations were studied by Han and Larson [7] . Another remarkable result in this direction is due to Dutkay, Han, Picioroaga, and Sun [4] who established a dilation theorem for Parseval wavelets.
Despite this progress, much less was known about dilation results for non-tight frames. Han and Larson [6, Proposition 1.6] proved that any frame is an image of a Riesz basis under an orthogonal projection, and that the frame and Riesz bounds are the same. Recently, Bownik and Jasper [3, Proposition 2.3] proved a dilation result for non-tight frames which is also implicitly contained in the work of Antezana, Massey, Ruiz, and Stojanoff [1, Proposition 4.5] . This result says that any frame with frame bounds A and B is the image of an orthonormal basis under a positive (self-adjoint) operator with spectrum contained in {0} ∪
. In the case of Parseval frames, when A = B = 1, this easily reduces to the classical Han and Larson dilation theorem.
The goal of this paper is to extend the dilation theorem [3] to non-tight frames with some additional structure. We mainly concentrate on frames and orthonormal bases generated either by an action of a unitary group or by a projective unitary representation. We show that any such frame is the image of an orthonormal basis under a positive operator with suitable spectrum. Moreover, it is possible to choose the orthonormal basis so as to have the same structure as the frame. In the case of Parseval frames, the positive operator is actually a projection; hence, our results generalize those of Han, Gabardo, and Larson. Finally, we also extend the dilation theorem for Parseval wavelets in [4] , albeit with an additional twist. It turns out that orthonormal dilation is possible only for a proper subset of frame wavelets, which contains all Parseval wavelets. We characterize the class of frame wavelets for which a generalization of [4, Theorem 2.6] holds.
Frames vectors for unitary groups
In this section we establish the dilation theorem for frame vectors generated by a unitary group. Theorem 2.1 generalizes the result of Han and Larson [6, Theorem 3.8] from the setting of Parseval frames to general non-tight frames.
Definition 2.1. Let U be a set of unitary operators on a Hilbert space H. We say that f ∈ H is a frame vector for U if {U f } U ∈U is a frame for H. We say that e ∈ H is a complete wandering vector if {U e} U ∈U is an orthonormal basis of H. Theorem 2.1. Let U be a group of unitary operators on a Hilbert space H. Suppose that f ∈ H is a frame vector for U with optimal bounds A 2 and B 2 . Then, there exist:
(i) a Hilbert space K ⊇ H and a unitary group V on K, such that the restriction map
, and (iii) a complete wandering vector e ∈ K for V such that EVe = Vf = Uf . More precisely, we have E(V e) = V f for all V ∈ V.
We will use the following standard terminology. Definition 2.2. If {f i } i∈I is a frame we call the operator T : H → 2 (I), given by
the analysis operator. The adjoint T * :
is called the synthesis operator. The operator S = T * T given by
is called the frame operator.
The following is a standard fact about frames.
Proposition 2.2. If {f i } i∈I is a frame for H with frame operator S, then {S −1/2 f i } i∈I is a Parseval frame for H. In this case, {S −1/2 f i } i∈I is said to be the canonical Parseval frame of {f i } i∈I .
For the purpose of the proof it is convenient to reformulate Theorem 2.1 in more explicit terms as follows. Let U be a group of unitary operators on a Hilbert space H. Let {e U } U ∈U be the coordinate basis of 2 (U). For each U ∈ U, we define the unitary operator λ U on 2 (U) by λ U e V = e U V . The map U → λ U is often called the left-regular unitary representation of U. Define the unitary group V = {λ U : U ∈ U}. Finally we are ready to state and prove the explicit version of Theorem 2.1. Theorem 2.3. Suppose that f ∈ H is frame vector for U with optimal bounds A 2 and B 2 . Then,
, and (iii) we have E(Ve I ) = Φ(Uf ), where I is the identity on H. More precisely,
Moreover, E 2 is the Gramian of Uf , i.e., E 2 e U , e V = U f, V f for all U, V ∈ U. In particular, E 2 is unitarily equivalent to S ⊕ 0, where S is the frame operator of Uf and 0 is the zero operator on Φ(H) ⊥ .
Note that Theorem 2.3 immediately implies Theorem 2.1 by identifying H with Φ(H), by letting
and by setting e = e I , which is a complete wandering vector for V.
Proof. Let S be the frame operator of Uf . By Proposition 2.2, S −1/2 Uf is a Parseval frame. For U ∈ U set p U = S −1/2 U f , and let Φ be the analysis operator of
Since {p U } U ∈U is a Parseval frame, Φ is an isometry. First, we show that
Since S is self-adjoint, we also have
Since Φ * Φ is the identity on H, this shows (i). Next, note that Φ * is the synthesis operator of {p U } U ∈U given by
Hence, we have Φ * e U = p U . Define E = ΦS 1/2 Φ * . Then, for any U ∈ U we have (2.4)
which proves (iii). Hence, for U, V ∈ U,
This shows that E 2 is the Gramian of Uf . Moreover, using (2.4) we have
Since Φ is unitary, Φ(Uf ) is a frame for Φ(H) with optimal frame bounds A 2 and B 2 . The frame property now implies
which shows (ii). Finally, to show the last part of Theorem 2.3, we define
It is clear that U 0 is unitary, since Φ : H → Φ(H) is an isometric isomorphism. Since Φ * Φ is the identity on H,
Hence,
Thus, E 2 = U 0 (S ⊕ 0)U * 0 , which completes the proof of Theorem 2.3.
Frame vectors for projective unitary representations
In this section we establish a variant of Theorem 2.1 in the context of projective unitary representations [7] . Initially, Han and Larson formulated their dilation theorem in terms of unitary group representations in [6, Theorem 3.8'] . Since this setting does not include Gabor systems, Gabardo and Han [5] established the dilation theorem for group-like unitary systems, which covers Gabor systems as a special case. Recently, Han and Larson [7] adapted these arguments to the even more general setting of projective unitary representations [8] .
Let G be a countable group and U(H) be the group of unitary operators on a separable Hilbert space H. A projective unitary representation is a mapping π : G → U(H) such that
where µ : G × G → T is a multiplier of π. To emphasize the dependence of µ, we also say that π is a µ-projective unitary representation. Any multiplier µ for G must satisfy
where e is the group unit of G.
Similar to the case of unitary representations, a prominent role is played by the left (and right) regular projective representations. Let µ be a multiplier for G. For g ∈ G, we define a unitary operator λ g :
where {e g : g ∈ G} is the standard orthonormal basis of 2 (G). By (3.1) and (3.
∈ H such that {π(g)f 1 } g∈G is a Parseval frame for H. If S is the frame operator of {π(g)f } g∈G , then
(ii) There exist a µ-projective unitary representation π of G on a Hilbert space K and a vector f 2 ∈ K such that {π (g)f 2 } g∈G is a Parseval frame for K and {π(g)f 1 ⊕ π (g)f 2 } g∈G is an orthonormal basis for H ⊕ K.
Proof. First, we will show that π(g) and S commute for all g ∈ G, and thus π(g) and S
By Proposition 2.2 the system {S −1/2 π(g)f } g∈G is a Parseval frame. Since S −1/2 π(g)f = π(g)S −1/2 f , by defining f 1 = S −1/2 f we have shown part (i). Next we will show (ii). Let {e g } g∈G be the coordinate basis for 2 (G). Let Φ : H → 2 (G) be the analysis operator of the Parseval frame {π(g)f 1 } g∈G . Consequently, Φ is an isometry. Let P be the orthogonal projection onto Φ(H). Let λ be the left-regular µ-projective representation of G as defined above. Note that π(g
In the penultimate step we used the identity λ g e g −1 h = µ(g, g −1 h)e h and in the last step we used (3.1) and (3.2) to eliminate three multiplier terms. Hence, we have established the identity
Since {π(g)f 1 } g∈G is a Parseval frame for H and Φ is an isometry, {Φπ(g)f 1 } g∈G is a Parseval frame for Φ(H). Thus, we have
Using (3.4) and (3.6) for any h ∈ G we have
Since λ g P and P λ g agree on elements of the coordinate basis of 2 (G), we have established the commutation relation (3.7)
λ g P = P λ g for all g ∈ G.
For g ∈ G define π (g) = (I −P )λ g . Let e ∈ G be the group unit, and define f 2 = (I −P )e e . Using (3.7) we have π (g)f 2 = (I − P )λ g f 2 = (I − P )λ g (I − P )e e = (I − P ) 2 λ g e e = (I − P )e g .
Since (I − P ) is an orthogonal projection, this shows that {π (g)f 2 } g∈G is a Parseval frame for
Moreover, for any g ∈ G,
, which implies that (π (g)) * π (g) = π (g)(π (g)) * = π (e) = I − P . Thus, by restricting the domain of π (g) to K, π (g) becomes a unitary operator on K. This shows that π is a µ-projective unitary representation of G on K.
Define the map Ψ :
Clearly, Ψ is an isometric isomorphism, since Φ is an isometric isomorphism between H and Φ(H). Note that e g = P e g + (I − P )e g = Φ(π(g)f 1 ) + π (g)f 2 . Since {e g } g∈G is an orthonormal basis of 2 (G), so is {Ψe g } g∈G , where
This completes the proof of Theorem 3.1.
We shall illustrate Theorem 3.1 by showing that any Gabor type unitary system has a dilation property. For (t, s) ∈ R n × R n , define the time-
Thus, the Gabor representation π| G is a projective unitary representation with the multiplier
For a general Hilbert space H we adopt the following notion.
Definition 3.1. Let H be a separable Hilbert space and G be a a full rank lattice in R n × R n . We say that π is a Gabor type representation of the lattice G, if π : G → U(H) is a µ-projective unitary representation with the multiplier µ given by (3.8).
As an immediate application of Theorem 3.1 we have Theorem 3.2. Suppose G is a full rank lattice and {π(g)f } g∈G is a Gabor frame for H with optimal bounds A 2 and B 2 . Then, there exist:
(i) a Gabor type representation π of the lattice G on a Hilbert space K, (ii) a complete wandering vector e = f 1 ⊕ f 2 ∈ H ⊕ K for π ⊕ π , and (iii) a positive operator E :
In the case when G = aZ×bZ, a, b > 0, a Gabor type representation is uniquely determined by two generators {M, T } satisfying T M = e −iab M T . Indeed, π(an, bm) = M m T n , where M = π(0, b) and T = π(a, 0). In this case, we can simply say that {M m T n : m, n ∈ Z} is a Gabor type unitary system of G = aZ × bZ. Then, Theorem 3.2 yields Corollary 3.3 which generalizes the result of Han and Larson [6, Theorem 4.8] from the setting of Parseval frames to general non-tight frames.
Corollary 3.3. Let U = {M m T n : m, n ∈ Z} be a Gabor type unitary system on a Hilbert space H of the lattice aZ × bZ. Suppose that f ∈ H is a frame vector for U with optimal bounds A 2 and B 2 . Then, there exist:
Dilations of frame wavelets
In this section we generalize the result of Dutkay, Han, Picioroaga, and Sun [4] from the setting of Parseval wavelets to non-tight frame wavelets. We find optimal conditions on non-tight frame wavelets for which a generalization of [4, Theorem 2.6] holds. It turns out that our dilation result is not possible for arbitrary non-tight frame wavelets. This marks a significant distinction between the previously considered situations of Gabor systems and unitary groups and the case of wavelets. In particular, one can not expect that every dilation result will extend automatically from the tight to the non-tight setting.
Following [4] we adopt the following definition. The Baumslag-Solitar group [2] is given by the group presentation BS(1, 2) := d, t|dtd
Thus, any unitary representation of BS(1, 2) is given by two unitary operators D and T on some Hilbert space H, that satisfy the relation DT D −1 = T 2 .
Definition 4.1. Let {D, T } be a representation of the Baumslag-Solitar group BS(1, 2) on a Hilbert space H. We say that ψ ∈ H is a frame (or orthonormal) wavelet for {D, T } if {D j T k ψ : j, k ∈ Z} is a frame (or orthonormal basis) for H, respectively.
In order to state our dilation theorem for frame wavelets we need one more notion. Following [6] , we define the local commutant of a set of unitary operators U of H at ψ ∈ H as
Theorem 4.1. Let {D, T } be a representation of the Baumslag-Solitar group BS(1, 2) on a Hilbert space H, and let ψ ∈ H be a frame wavelet for {D, T } with optimal bounds A 2 and B 2 . Let S be the frame operator of {D j T k ψ : j, k ∈ Z}, and assume that S −1/2 is in the local commutant
Then, there exist:
Conversely, if (i)-(iii) hold, then (4.1) necessarily holds.
Proof. Define ψ 1 = S −1/2 ψ. By our assumption (4.1),
Since, {S −1/2 (D j T k ψ) : j, k ∈ Z} is a Parseval frame in H, ψ 1 is a Parseval wavelet for {D, T }. Applying [4, Theorem 2.6] yields a representation {D , T } of BS(1, 2) on a Hilbert space K satisfying (ii). Moreover, (iii) holds for E := S 1/2 by (4.3). Conversely, assume (i)-(iii). By (4.2) the frame operator S satisfies for f ∈ H,
In the last step we used the fact that {D j T k ψ 1 : j, k ∈ Z} is a Parseval frame in H, which is a consequence of (ii). Hence, E = S 1/2 . Letting j = k = 0 in (4.2) yields S 1/2 ψ 1 = ψ. Thus, (4.2) takes the form of (4.3). By definition, (4.3) is equivalent to the local commutant property (4.1). This completes the proof of Theorem 4.1.
Remark 4.1. The local commutant assumption (4.1) is a convenient way of stating that the canonical Parseval frame of the affine system {D j T k ψ : j, k ∈ Z} is also an affine system {D j T k ψ 1 : j, k ∈ Z} for some ψ 1 ∈ H. If ψ is a Parseval wavelet for {D, T }, then (4.1) is automatically satisfied since S = Id. Thus, Theorem 4.1 provides a generalization of the result of Dutkay, Han, Picioroaga, and Sun [4, Theorem 2.6]. At the same time, Theorem 4.1 asserts that dilation results of this kind are only possible for frame wavelets whose canonical Parseval frame is an affine system. This is in a stark contrast with Gabor systems, where Corollary 3.3 holds regardless of such a priori assumption. In retrospect, this is not that surprising since the canonical Parseval frame of a Gabor system is always known to be a Gabor system.
